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. Vibration analysis of continuous systems require solution to partial differential equations which do not
always exist

. Analysis of multi DoF systems requires solution of a collection of ordinary differential equations,
. Continuous systems are often approximated by MDoF systems.
o Previous principles apply:

. One eqn. of motion for each degree of freedom

. One generalised coordinate for each degree of freedom

. The number of natural frequencies and mode shapes are equal to the number of DofFs

. The natural frequencies are determined by equating the determinant to zero (solution to characteristic
equations becomes more complex as number of DoF increases)

. Eqns. of motion obtained from Newton's second law, influence coefficients or Lagrange’s equations.
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. Modelling continuous systems as MDoF systems:
. Finite element models:

. The geometry of a distributed mass system is replaced by a large number of small structural
elements (m.c.k)

. A simple solution is assumed for each element
. Inter-element compatibility and equilibrium is used to approximate the solution

. Lumped-mass or discrete-mass models:

. The (distributed) mass or inertia of the system is replaced by a finite number of rigid bodies
(lumped mass)

. These lumped mass are connected by mass-less spring and damping elements.
. Linear or angular coordinates are used to describe the motion of each lumped mass element
. Belter accuracy is usually achieved when more lumped masses are used
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Lumped-mass or Discrete mass model

d
i
LT_J
ey
7 V- ) e
n M m ~ s
4 r 4 {
| FrFFats ¥ 4 T —

education for life www.rimt.ac.in Department of Mechanical Engineering




UNIT: IV

Equation of Motion

EARIMT

" . UNIVERSITY

Define suitable coordinatles lo describe the position of each lumped mass in the model
2. Establish the static equilibrium of the system and determine the displacement of each lumped mass

wrt to their respective static equilibrium position.

3. Draw the free-body diagram for each lumped mass in the model, Indicate the spring, damping and
external forces on each mass element when a positive displacement and velocity is applied o each

mass element.

4. Generate the equation of motion for each mass element by applying Newton's second law of motion

with reference to the free-body diagrams:
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kl(xl e xi~l) =1 m : kl*‘(xl4| =
f : 1
i(rl xa-—l) ey J -+ Cy l(x:'*l = xl)
X ==Kkl xp=xip) v R g Sy =% ) = X =Xy | ¥ Ciag| Xy =33 )+ F; fori=123..n=1

Rearranging:

m,.'\' - l",,+|( +(,+,| \';—(,*,\H.’ k; i%]. ’+|‘. +AH\;>\’, H,Jl“.,—F' ]bl'iZ’,.’..;...,ll—l

. Note that the system has both stiffness and damping coupling
The equations of motion of masses m, and m, al the extremities of the system are oblained by setting
i=1& x,=0 and i=né&x, =0

"'l:‘;l + l: oy +(‘::‘ .i‘, -('J.if;) + | k, + k_a | Xp= k:.\'z = FI

I""..\"” - (‘”.i‘n., + |: Cp +Cphut ' ..f" - ,t'".\'"_l + | k" + k"-‘; | Xp = l"”

. In matrnx form:

[m| Z+|c|Z+|k|Z=F
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. Where the mass matrix [m], the damping matrix [¢] and the slifiness malrix (k] are given by:

(m; 0 0 ... 0 0]
0 my 0 ... 0 0
0 0 my ... 0 0
| m| =
| @ O 0 «w O ‘my]
[(c;+e3) =¢; 0 wi D 0
-3 ( Cy+Cy l -C3 s {) 0
0 -3 (e3+ey) ... 0 0
el =
0 0 0 Ol (T L )
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And the displacement. Velocity, acceleration and excitation force vectors are given by:
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Equation of Motion
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’ In general terms:
- . ™ . " 1
Mypy My My My, €y €12 €3 oo Cyp kip kpx kpz ... ky,
Map Mz Mz ... W, €1 €22 €33 - €y kap Kz Ky oo Ky
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. It is sometimes practical to express the eqgns. of motion of MDoF systems in terms of influence
coefficients

. The elements of the stiffness matrix are known as the stiffness influence coefficients and relate the force at
a point in the system with the displacement applied at another point in the system.

. The stiffness influence coefficient k, is defined as the force at point / due o a unit displacement at point j
when all other points, except j, are fixed,
. The total force at j is the sum of the forces due to all applied displacements.: k k k k
1l 12 13 o in

kap Ky k3 ... Kk

-

1

Fi _El‘u oJ i=123.n o F=|[k|X where [k]=

_knl kn.’ l“n.f k:ru4
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fl fficient: Stiff -
Influence Co-efficient: Stiftnhess
. Example:
}—0 b & P—’ A +—.X§
ky ks ky
m, —ANW— m —MW— m,
. Use static equilibrium to determine the stiffness influence coefficients.
. Stept:x,=1, x,=0, x,=0.
— =1 b—e =0 — =0
Ky ks ks
M AN AW
—_— - — —
k R kl‘l kn
. For which the free=body diagram is:
klxl k:(.f:' Xy kl(-‘x‘ .l':) A” s l'l = I., :k" +A‘1
sty 1 W el % TV g T TR ] Aaialy
— —_— —_— k=0
kll kli k‘l
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Step2:x,=0, x,=1, x,=0.

f-—o.t,-—'(l }—¢x3=l I.—o.t.\zu

ki k, ks
m, —MWWW— m: —AWWA— my

—_— —_— —_—
Ky K2 K1

For which the free-body diagram is:

K2 =-k;

k'v.*‘. \(l’t--':'
“|I; +— m, — '(" l'|"._ ms o -« ns k’ _.A. +A.
:() :k: = —k‘ .'3_ .? .{
S— —— ——y k.;.'b:-k.g
kt k:z k\
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. Step3:x,=0, x,=0, x,=1.

‘ i l l- B - ‘ cae } I ——— ' '-
» - = . - - » -
l o g { : .' B | - .’ R = i = -l
— 2= - B e g N T S T
- p— L - - . —
| S | -y .l T g e e ‘ vuu -' . { . .l
o For whjch-the free-bady diagram is:~ <« ~- & -+ = =i e | wong o)
kis=1()
kix) kolx; = xy) ki(xy — x3) /3
- m, - m, P G ms A
= () = () = Kk 23 ==N3
T - — e— kiz=k;
kl'q k'_‘l k\l
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. The system sliffness matrix is:

kip Ky ks [Lk +ks) =k 0
(A[ - k.’l A.’_‘ k:’j - —k: ‘A: +k_,') —kj
kai k2 ks 0 -k; Kk

’ The calculation of n stiffness influence coefficients require the solution of n simultanecus equations.

. Thus the computation of stiffness influence coefficients for a system with n degrees of freedom may require
a significant effort (up to n computations)
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It is sometlimes easier lo define the system in terms of the flexibility influence coefficients

The flexibility influence coefficients relates the displacement at a point in the system with the force applied
at another point in the system.
The flexibility influence coefficient a, is defined as the deflection at point / due to a unit force point j with no
other forces acling on the system.
For a linear system:

Xjj = agk;
When several forces act at various points in the system, F forj= 1, 2, 3....n, the lotal deflection at point i is

the sum of the deflections caused by each individual applied force:

Z - 2 i=123..n inmarixfom: ¥=|a]F
I j=1 ' j=1
where ¥ and /' are the displacement and force vectors and| «! is the flexibility matrix:
Qpp Gp2 dpz ... Ay
(l:, (l:: (133 e (13"
|a] =
[y G2 Gy . Ay |
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. Not unexpected that the flexibility matrix is related to the stiffness matrix.

la]™ =(a] Fla]™
F=la™ #=|k|7
[a] ™ =[]

. Reciprocity theorem: For alinear system : G =@y

. Consider the work done by forces /' andf I"‘ X

p)
Case1: W;=4iFx;=%a;F"

; o= ip Nty | ‘:
Case2: Nj = 3F,-.\j = _,a”i",

When F, and Fj are apphed sequentially the total work is:

g = feiopid ) = La. 2 -2 ;
" ,a"F + a”F! +x ;F; 54 F a,_-,F, +a,jl<_,F, x;=aj

and when F, is applied before F the total work is: {

il "N | - ...I 1 -
H] -,a”F] +5a F +rf S I' - u”Fj +a; fF

Since the total work done is not dependent on the sequence of applied force :

=W; hence a;=ay

if
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. Example: Use static equilibrium to determine the flexibility matrix of the system.

— — x; l—‘ X3

ki k- ky

m NV my; F—/ANW— m;

. Step 1: Apply a unit load at point 1 only and calculate the deflections of each mass due to the unit load at 1.

11“2.\‘”/"Fl=.\'” }—.x, = a1 '—.x;rail }—011‘-"01,
3

Mass 1: ky e 1 ka n =
kjay;=kylay;—ap; )+ F
kiay;=kala —ap; )+1 Fi=1 Fi=10 Fi=10
Mass 2:
kalayy—ay )=kzfaz —ay;) kiayy o= my | ko@s—ay;) o= my |} kilay,—an)e— m
Mass 3:
kilaz —ay)=0 Fi=1 Fi=0 F.=0
Solving :
L I v 821 l v A3y I

k; ky k;
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. Example: Use static equilibrium to determine the flexibility matrix of the system.

l'—bx. '——»x: I-—o.n

k, k; ks

-

m p—VWW— m —AW— m;

o Step 2: Apply a unit load at point 2 only and calculate the deflections of each mass due to the unit load at 2.

Mass 1: }—ox,'—-a,; }—01:=¢:: |'—o.x‘=0\:

k| k.v ks

A'I(l,: = A:(":: -(l[ ) ‘ m _Mv_ m, _-—W_‘ my
Mass 2:
_ —_—— — e
A’:/d:_ﬁ‘-ﬂ”[=l\'3(¢133-(?:3)+/ F,=0 F=1 Fy=0
Mass 3
k¢((1"1—a,,):() klal.‘ = m, p—e kt(a.‘l""l." A m; b= Kilay-as) e ms
Solving : — —_— — -
F,=0 F.=1 Fi=0
/ I I 1
dp = - (l::= + . tl.,t:= +
g kp k> kp ks

education for life www.rimt.ac.in Department of Mechanical Engineering




UNIT: IV . e, EBRIMT
Influence Co-efficient: Flexibility “ uvuvers

. Example: Use static equilibrium to determine the flexibility matrix of the system.

|—>.x. }-—0 X5 I—OJn

k| k" k_\

m —NWW— m —AMWV— m

. Step 3: Apply a unit load at point 3 only and calculate the deflections of each mass due to the unit load at 3.

’—0,(, = iy +-—-0.l’;=0:x }—.,l'\ = du1

Mass 1: k, ks ko
m AW m AW my
k,(l[j = ‘.:( fdry—day )
— — —
Mass 2: F,=0 F.=0 Fi=1
k:( dr3—ap3)= k_;(u‘;.; —d>; )
Mass 3: kigyy o= m; bF=ekiay—a )= m P kian—an)*e=— m,
k;((l;;—(l‘u}'—', —l — —_—
) =y 2 F,=0 F:=U Fi=1
Salving :
/ ' I U S
a;; = , @33 = 4 az; = + +
kl L, ‘.: A’, A3 ‘;
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. Example: Use static equilibrium to determine the flexibility matrix of the system.

— 1, — x; —_—

k, k> ks

m NN m W\ m

. The flexibility matrix of the system is:

dyp Ao U,‘;- IA, I‘I ’A,
I(ll= Ur Wy U |= ," |VIA',+II\':| (IA,-FIA,:'
ai; k_g: ;3 ,,\, l’l\,+11\:| |1k,+1"_p+ll\'.;jl

. It can be verified that the inverse of this flexibility matnix is the system sliffness matrix:

( A', + k: :l ‘-I\'_) ()
IAIZ' —k: (A'_,'f'k_;} "k_;
() —k; ks
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. Example: Use static equilibrium to determine the flexibility matrix of the system.
’"] m: mjl

=l |

- - Tx.(:) Tr;(:) ‘.r,(r) \
—
I ! =

e | — l
< >
* Step 1: Apply a unit load at point 1 only and \\\ I T ay, i
calculate the deflections at points 1, 2 and 3 due N l : a "_',/’
to the unit load at 1. s, . D
o £ - B ' 7 (F)
( =Xyl =X = - Air = P { ] — 4
MR e\ E1y T a8 By T 78| E1
Fg = |
. Step 2: Apply a unit load at point 2 only and M ¥ R ; 7
. ”
calculate the deflections at points 1, 2 and 3 due S la,, : oy 7
to the unit load at 2. \\\ J a2 L.«’ %
L i ] S - —
TANAR 1P () S, e
Ga=anR=solmt 2Tl ot BT oo ot

education for life www.rimt.ac.in Department of Mechanical Engineering




: <<‘" RIMT
UNIT: IV Influence Co-efficient: Flexibility = unvessm

. Influence coefficients - flexibility.

F} = ]
. Step 3: Apply a unit load at point 3 only and = : — 2
calculate the deflections at points 1, 2 and 3 due Wawl lays ' s
to the unit load at 3 i . |y P
: w0 | -

\l -_—
‘~—l—""

) /1(/ ) P

13) = )3 = 131y =dN»n = 133 =
931 =41 ms[f;!’j f32 =02 u) €33 763(151)’

. The system flexibility matrix is:

dpp 4py d;g 13 9 Il 7
[ﬂl= (l.\, tl:: (Iig =7(?E[ 1] 16 11
N
{I‘;] 1\'33 ll'” ? II 9 ‘
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¢ The solution to the egn. of motion of a free undamped MDoF system
[m|X+|k|X=0

defines the (steady-state) harmonic vibration of the system due to an initial disturbance (initial conditions).
. The solution is established by assuming a solution in the form:
xi(t)=X;T(t) i=123..n

where X; is a constant and T is a function of time.

A X121 ..
The amplitude ratio of any two coordinates{ il } is independent of time,

xilt)

Which signify that the motion (vibration) of all the degrees of freedom are synchronised - mode shape is fixed
andis wrillen as .

[ X ]
X5

-

-3

education .. 2 \W W\ YY . . wUTppal Liicliut Vi vicuiialiival ciigliiccl g




UNIT:IV Elgen values and Eigen vectors

Substituting the assumed solution into the egn. of motion gives:
\m| XT(t)+|k| XT(1)=0

in scalar form:

[Em X Jrun[}:s,,x lrm-n i=123...n

j={ j=1
which gives:
i
kr"J\"
> 4
Tit f=
o ): o f=123...0
Tir) & 3
Z m;; X ;
j=1
n
" Zk,_,...\r,
{ - > = 7,
3 ) _ J=l = " or Tit)+aTir)=0
(3] &

Z I"".\"'
j=1

education for life www.rimt.ac.in Department of Mechanical Engineering

/‘\ \l',
I
(=)

'(( \\

' RIMT

- UNIVERSITY



UNIT: IV EARIMT
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Then:
i(k,} —wgrriu lk, ={) i=123...n
j=1
or inmatrix form:
[Ik]-wg[:::l].fzﬁ (a)

as found previously, the solution to the above canbe wrillen as :
I'it)=Crcos{an +0)
. This solution reveals that the degrees of freedom can vibrate harmonically at the same frequency « and phase
angle ¢ as long as the frequency satisfies eqgn. (a) which represents a set on n linear homogeneous equations,
. For non-trivial solutions, the determinant of the coefficient matrix must be zero which gives the characteristic
equalion:

k.

i -—w“m,vj = k|-’ [m] =0

» This is known as the eigenvalue problem, where o7 is the eigenvalue and w the natural frequency of the
system.

’ Expansion of the characteristic equation gives an n* order polynomial in terms of «7 the solution of which
produces n real and positive roots when the mass and stiffness matrices are symmetric and positive.

. The n natural frequencies are in ascending order @, < @, < @, < .... < @, with @, being the fundamental
natural frequency.
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If welet:
A=t
O
Equation (a) becomes:
| Alk]=|m]| X =0
and multiplying both sides by [k!"" gives:
A[I]-|D]| X =0
or
Al1) X =|D| X
where | D] =k]™[m] isthe dynamical matrix.

for a non-trivial solution the determinant of the characteristic eqn. must be zero:

Al 1] -| D|=0

. Expanding gives an n" degree polynomial in terms of A

. This form lends itself to obtaining solutions by numerical (computer} methods to determine the roots of a
polynomial equation.
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