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UNIT: 1l Single Degree of Freedom Systems%.2RIMT

4@, UNIVERSITY

Free Undamped Vibrations Single DOF

. Recall: Free vibrations — system given initial disturbance and oscillates free of external forces,

. Undamped: no decay of vibration amplitude

» Single DoF:

. mass treated as rigid, limped (particle) F’&“ﬂ M
. Elasticity idealised by single spring

«  only one natural frequency.

Equilibrium l
pasition \. | mg
. The equation of molion can be derived using
: ; I -
. Newton's second law of motion

D'Alembert’s Principle,

—]
-

The principle of virtual displacements and,
The principle of conservation of energy.
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UNIT: Ii E3RIMT

"‘ “ . UNIVERSITY

Free Undamped Vibrations Single DOF

Using Newton's second law of motion to develop the equation of motion,
1.  Select suitable coordinates

2 Establish (static) equilibrium position

3. Draw free-body-diagram of mass

4 Use FBD to apply Newton's second law of motion:
"Rate of change of momentum = applied force”

. d dx( t
Fit)= m X(1) \
dr dt 7
As m is constant
1°x(1 :
F(t)=m' \(, )=m.'\'
dt”
For rotational motion "
_—_T Fﬂﬁ\?ﬂ!
M(t)=J0
For the free, undamped single DoF system Equilibrium '
position Ny 2 | g
F(t)=<kx=mx ; Y -
=  —

mx+kx =10

v
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UNIT: Il EAHRIMT

"‘ . UNIVERSITY

Free Undamped Vibrations Single DOF

Principle of virtual displacements:

“When a system in equilibrium under the influence of forces is given a virtual displacement. The total
work done by the virtual forces = 0"

. Displacement is imaginary, infinitesimal, instantaneous and compatible with the system

—
§ 1} + 'ﬁ\ P—— } . b3y % A
oy P .-
] 1 [} |
m fem==q m ' m | ¢ —— m |&---
1 |
T— Coiaa=y R Ax S
(reactve linerti
loree) floree)
(a) Mass under o
displacement a (b) Free-body diagram

. When a virlual displacement dx is applied, the sum of work done by the spring force and the inertia force
are set to zero:

—{ kx )JOx —(m¥ )ox =)

. Since dx # 0 the equation of motion is written as:
kx +mx=10
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UNIT: Ii

education for life www.rimt.ac.in

Principle of conservation of energy:

. No energy is lost due to friction or other energy-dissipating mechanisms.

. If no work is done by external forces, the system total energy = constant

. For mechanical vibratory systems:

KE + PE = constant

or

d

(KE+PE) =10

dt

. Since

» - I - ‘
KE = ’mx‘

then

d

or

my+kx=0

and PE=

o

Im\ + L\ 2
(/l[’ 7
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Free Undamped Vibrations Single DOF



UNIT: II EZARIMT
Free Undamped Vibrations Single DOF

Vertical mass-spring system:

A l, + O,

K,

O I
”m n

1 - = Fmal position

I

A

Static equihibrium
i position

W = mg W+ kx
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UNIT: Ii EZARIMT

4®. UNIVERSITY

Free Undamped Vibrations Single DOF

Vertical mass-spring system:

k(d, + x) Spring force

I

m

Potential
energy

mg el ___{f.‘\ Static equilibrium
POSTLIOn

. From the free body diagram:, using Newton's second law of motion:
mi =—k(x+9,, )+mg
since kd, =mg

mx+kx =10

. Note that this is the same as the eqn. of maotion for the horizontal mass-spring system
v =~ if x is measured from the slatic equilibrium position, gravity (weight) can be ignored
. This can be also derived by the other three alternative methods.
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UNIT: II GRIMT
Free Undamped Vibrations Single DOF

’ The solution to the differential eqn. of motion.
. As we anlicipate oscillatory motion, we may propose a solution in the form:

x(t)= Acos{ w,t )+ Bsinf @,t)
or

x(t)= Ae"™ + Be "N
alternatively, if we let s =*iw,

x(1)=Ce*

-+

. By substituting for x{t) in the egn. of motion: Clrms= +k)=10
since c#I0),

4 - » - -
ms* +k =1 — Characteristic equation
and

: k ;
s=%iw, =% - roots = eigenvalues
m
or
k
w, =
m
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UNIT: II EBRIMT
Free Undamped Vibrations Single DOF

. The solution to the differential eqn. of motion,
’ Applying the initial conditions to the general solution: x(t)=Acos( @t )+ Bsin( @, )

Xpi=n) =A=xp initial displacement

Xi1=0) =By, =%y initial velocity

. The solution becomes: ¢
x(t)=xpcos( @, )+ " sinf @, )

n

2 7 1 X0
if welet A= .\,, +| =2 \ and ¢=atan| h ) then

%]

x(t)= Ay sin{ w1 +¢)

. This describes motion of harmonic oscillator:
. Symmetric about equilibrium position
. Thru equilibrium: velocity is maximum & acceleration is zero
. At peaks and valleys, velocity is zero and acceleration is maximum

v o, =vV(k/m) is the natural frequency
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UNIT: Ii

Torsional vibration.

B k
(l),, ==
m
2 me
since k= &
£V
g I |8
w, = or fo=== |5
5t 2\ o,

Approach same as for translational system. Laboratory exercise.
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Free Undamped Vibrations Single DOF

Note: for vertical systems, the natural frequency can be written as:



UNIT: II EBRIMT
Free Undamped Vibrations Single DOF

. Compound pendulum,
. Given an inltial angular displacement or velocity, system will

oscillate due to gravitational acceleration. .

. Assumae rigid body — single DoF

Restoring torque:

med sin @

- Equation of motion :

J, 0 +mgdsin@=0 — nonlinear2™ order ODE

Linearity is approximated if sin@ = @ Therefore :

/.0 +mgd@ =0

Natural frequency : \
mgd
" L
J

0
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UNIT: I cHRIMT

Free Undamped Vibrations Single DOF™ Uivers

Natural frequency :

mgd
w, = ;

Yo

> 1
since for a simple pendulum

g

J _ ’
Then, | =~ and since J, = mk,, then

md
2 I\ “
W, = "", and [ =
& d
.'!pp/\'ing the parallel axis theorem A’,f = A'(:- +d?
k¢
|=-%4d

d
Let |=GA+d =0A

Fff

The location A

CA= {' jj is the "centre of percussion”
¢
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UNIT: I ,,(iﬁ)RlMT
Free Undamped Vibrations Single DOF — ™"

Stability.
Some systems may have inherent instability

7 k A k
—_ .- VV\N\N—%
P

G

I mg
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Free Undamped Vibrations Single DOF

S 1

«  Stability.
. Some systems may have inherent instability L f5in® A|
. When the bar is deflected by 6, | ‘|
- — . | &/sin 8 / kisin @
The spring force is : | 35 :
2kl sin :
The gravitational force thru G is : :
mg !
B |
The inertial moment abowt O due to the angular acceleration @ is : l
l
.
o ml® . ! cos O b
J, 0= 7]
3 |

The egn. of motion is written as :

ni* . , , ¥
™G + (2klsin@)lcos® - mg ?.s'm(} =)

3
9
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UNIT: II E4RIMT
Free Undamped Vibrations Single DOF — """

For small oscillations, sin@ =0 and cos® = 1. Therefore
i /
m 3 me
0 + 2ki°0 - 89 =9
3 2 .
7’ IS , Kk /
ar | 3 _‘WVVVV_@ /

” )2 — Imo
b4 [I-U fmg,l\

={()
2mi*
! (s
The solution to the eqn. of motion depends of the sign of ( ) I mg
)

AR

(1) If () >0, the resulting motion is oscillatory (simple harmonic)
with a natural frequency

12k1% — Imel )
(0"-: 2
2ml~ 7
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Free Undamped Vibrations Single DOF

- 2%k1° = 3mg
5 . [/-u’ /.’,"U%H =0 4l s A
“mi” - ——WWW—@—-WVVV\'——E

(2) If () =0, the eqn. of motion reduces to:

‘-

&=

I ) O
The solution is obtained by int egrating twice yielding : T I o
0(”'—‘(111*'(’3 I3
Applving initial conditions 6(t=0)=6, and 6(t=0)=8, i

4

0(’ ) = 6”’ + 8”
Which shows a linear increase of angular displ. at cons tant velocity.

And if 6, =0 the bar remains in static equilibrium at (1) = 6,

Department of Mechanical Engineering
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UNIT: Ii EZaRIMT
Free Undamped Vibrations Single DOF ™~ "VV&s™

h 121 -3mg1\
2ml? 7

: A
(3) If () <0, we define: T_/xi A fa 5 7

N _[ 12k1° - hmzl \ [ Imgl - I’IJ \

N

2ml’ ) 2mi’ )
The solution of the eq.of motion is ; / : G
o(t)= B,(’m + B:c—m | T I g
Applving initial conditions 0(t=0)=0, and O(t=0)=8, 5
6(t)= .’:1[‘ ol +6,) ™ +| ab, -9',,ie-m] | l_ Sho
VRN

which shows that 8(1 ) increases exponentially with time
and is therefore unstable because the restoring moment ( springs )

is less than the non = restoring moment due to gravity.,

Department of Mechanical Engineering
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UNIT: II ZRIMT
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Free Undamped Vibrations Single DOF — """

Rayleigh's Energy method to determine natural frequency
Recall: Principle of conservation of energy:

T/ + L'r] = T: + (.7_1

Where T, and U, represent the energy components at the time when the kinetic energy is at its maximum
(.. U,=0)and T, and U, the energy components at the time when the potential energy is at its maximum
(. T,=0)

i+ 0=0+ U,

For harmonic motion

/

max

=]

“max
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UNIT: Ii EZaRIMT
Free Undamped Vibrations Single DOF ™~ "VV&s™

. Rayleigh's Energy method to determine natural frequency: Application example:

. Find minimum length of mercury u-tube manometer tube so that f_ of
fluid column < 2 Hz.

. Determine U__, and T__.: [ b r

. Umax = potential energy of raised fluid column + potential energy of
depressed fluid column, . nm] —4—

THES . e Datam

Y X
U= mu +mg
" raised . (fl',)rc-‘au'd

=(dxy)s  +HAxy)

< raised < depressed

= Ayx®

A : cross sec tional area and y ! specific weight of mercury S,

° Kinelic energy:
. : >
= ’( mass of mercury col ) vel*

= /[.-l/)"tg
N g 7
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UNIT: Ii EZaRIMT
Free Undamped Vibrations Single DOF ™~ "VV&s™

. Rayleigh's Energy method to determine natural frequency: Application example:

’ If we assume harmonic motion:
x(t)=Xcos(2rxf,t) where X is the max . displacement

xt)=2rxf, X sin(2rnf,t) where2nrf, X is the max.velocity I r '

el . e Datum

. Substituting for the maximum displacement and velocity: ' ot e

: 2 Al 2 33
Upax = AY X and T, = ’[ g},} I,,l x*

|
, cu 2 1 An XD \
L"mm - lmm ""Y“ _ )( /;‘ -?’f_/,, 1” A \

<t / 7 o
. Mini length of col : ’ -
inimum length of column ; " - )” S 1.5 Hz

[2022]m
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UNIT: I SARIMT

UNIVERSITY

Free Single DOF Vibration + VISCOUS Damping

SIS
» Recall: viscous damping force « velocity:

F =—¢x ¢ = damping cons tant or coefficient | Ns / m |

Applyving Newton's second law of motion to obtain the egn, of motion ;

my = —=¢x —kx or my4+cx+kx=10

If the selution is assumed to take the form ;

X(t)=( e where s = tiw, ()
m

then: x(t1)=sCe™ and X(t)=s"Ce"

Substituting for x, X and X in the egn. of motion
hl
ms” +es+ k=1 A

The root of the characteristic eqn. are ; Ax A

e —— f

—ct\Ne" - JmA C | ¢ f k \
Npa2= = = .
1.2 2m 2m V( 2m ) ("' 4)

The two solutions are !

st m

x(t)=Cie’  and x3(1)=C,e"

A
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UNIT: I E5RIMT

o o o UNIVERSITY
Free Single DOF Vibration + Vlscous Damping
. The general solution to the Eqn. Of motion is: Frme
x(t)=Cie™ +Cye*
or ! '
\_ c . '( ¢ T(A )}r I ( [ },
2m \ ..‘m) m ) _ 2m ‘\ m m :
x(t)=0Ce +CHe 0
m
where Cy and Cy are arbitrary cons tan ts
deter mined from the initial conditions. iy
AN i\
"y
b
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UNIT: Il RIMT

UNIVERSITY

Free Single DOF Vibration + Viscous Damping

. Critical damping (c_): value of ¢ for which the radical in the general solution is zero:

*

e k k
e ‘z or C.=2m = 2mw, = 2\Nkm
."mj mj m
. Damping ratio (£): damping coefficient : critical damping coefficient.
¢ C & Ca -
g = or = = S,
S 2m ¢, 2m

The roots can be re— wrilten

s I O 1 (O v
Spa2 = -m..\x( 7m7 (l"j ( - SV I}(Un

And the solution becomes !

= - 18 T
(-;“*V';-_l}”n' (_'.:—V[‘;-_I}”n'
x(1)=Ce +Cse

. The response x(1) depends on the rools s, and s, — the behaviour of the system is dependent on the

damping ratio .
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UNIT: I E4RIMT

> UNIVERSITY

Free Single DOF Vlbratlon + VISCOUS Damping

¢ When L <1, the system is underdamped. ({%-1) is negative and the roots can be written as!

) "l . - ’.’

And the solution becomes !

: /l—,": .}u,,:

(~§+(\!'I-§:%unr [-g--:\
x(t)=Ce +Cse

) t,l ‘ (_' (3V'f";: };}nl (" ( —'\1']_.‘:: }l)"l
e " l(' + &

—L:(f} { [ . . v_‘ N o - » ' w_‘
xXft)=e > "-l{(,+C:|¢'osl I=§ w,,t’%—:{(.,—(:lsm‘ f=¢ w,,t’
. = ";‘”n’ [(" oy ] w2 “ C' o | ] wd .'
x(t)=e l ) COS t vI=¢ a)"l' +C> sin \/ =G Wl I -
- - ) |
x(t)=Xe =" sin (l Vi1-¢° W,/ +¢’ or x(t)=Xpe =50 s l VI= w L=, ,

Where C',, C',; X, ¢ and X, ¢, are arbitrary constant determined from initial conditions.
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UNIT: I EARIMT

UNIVERSITY

Free Single DOF Vibration + Viscous Damping
X(1)=e 5 {(, cos | \f?w,,r’ +C5 sin | \/? @, t |}

. For the initial conditions:

x(t=0)=xy and x(t=0)= X
Then

J y Xy +Cw,x
Ci=xp and Cy=-4 s - <
- w,

Therefore the solution becomes

' \ +{w,xy . | o2
X(t)=e e \,,cos<\}l 4 ( ” " smh!l-g w, !
| /

\H - w,,

. This represents a decaying (damped) harmonic motion with angular frequency v(1-2%jw, also known as
the damped natural frequency. The factor e’ causes the exponential decay.
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UNIT: II E3RIMT

UNIVERSITY

Free Single DOF Vibration + Viscous Damping

>4
Bt

? R

\ 4

Exponentially decaying harmonic — free SDoF vibration with viscous damping .

Underdamped oscillatory motion and has important engineering applications.
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Free Single DOF Vibration + Viscous Damping

k TR €N S ' _ 2 Y ’ — Ve A _ o o
x(t)= Xe .sm( I-Cwt+9) or x(t)=Xye cos |[\NI-C ", t—@,

The constants ( X, @) and ( X ;. @ ) representing the magnitude and phase become :

X=X =) +(Cy)

¢ = amn[ (',1 .) and ¢y =atan| - ‘1 )
G ) Cr )
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UNIT: I SARIMT

UNIVERSITY

Free Single DOF Vibration + Viscous Damping

. When £ = 1, c=c_, system is critically damped and the two roots to the eqn. of motion become:

and solution is
X(t)=(C;+Cst )™

Applving the initial conditions x{t =0)=x, and x(t=10)=x; vields
Ci=x
Cr; =%+ @,x

The solution becomes :

| Ll =
X(1)= I .\'U + ‘ .\}) + (U" "’U | ’} e @

. As t—eo | the exponential term diminished loward zero and depicls aperiodic motion
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UNIT: Ii E3RIMT

Free Single DOF Vibration + Viscous Damp'i(r‘{gu'“'vmTY

. When £ > 1, ¢>¢, , system is overdamped and the two roots to the eqn. of motion are real and negative:

§ = ‘;+\,lg 'w <
.s-3=‘-§-\/§:—l'(¢),,<(}

with s> = s; and the initial conditions x(1 =0)=xy and X(1=10)= X

the solution becomes !

3 _—
(-—;+\5;'—, }u,,l [—L, —\11"—1 }0”!
X(1)= (‘[(:’ + C:(‘

where
[ 02 ‘ .

X, :‘ ~-§ +y§ 'l|+-"u

(., = . ,
20,47 -1
- 'w_’ ‘ s

X, | -6 =&~ =1 ' =X

('a = :

2 —
.’w,,\,fg‘ -1

Which shows aperiodic motion which diminishes exponentiallv with time.
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UNIT: I IRIMT

Free Single DOF Vibration + Viscous Dampmg

vir)

1 -
' q 0
Overdamped (=) 3 i b b S
,Q < riticcally Unwerdampcdl l(;-<V»)
v \\d&‘”ﬂ&ﬂﬂg = A) // \\‘(/ v 14»)””1\ st ller
o HURLN|
an Xy \ ~ AN
\ 7’
i, i
i N = '
\\ ,/
\\s ///
o = ‘l
: ]

Critically damped systems have lowest required damping for aperiodic motion and mass returns to equilibrium
position in shortest possible time.
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UNIT: I E4RIMT
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Free Single DOF Vibration + Viscous Dampmg

Logarithmic decrement: Natural logarithm of ratio of two successive peaks (or troughs) in an
exponentially decaying harmonic response.

. Represents the rate of decay

. Used o determine damping constant from experimental data.
. Using the solution for underdamped systems: X
,\'l = \’"L’—"Qm"'” COS( wf’/ -@} X, | i -
X3 Xpe 52 cos(ayty — gy ) ]
r
Let t=4+T,=t;+ then
Wy
cos{ Wyt —@y ) = cos( 2rn +ayt; — @y ) = cos( @yl — ¢ )
and i T |
. e
" ,-5(')!1'/ o = -y 1
X; - ¢ - (,sng, T4 " l2

Xy o U\ ltTy)

Applving the natural In on both sides,

the log arithmic decrement 0 is obtained ;

P ’"[ T I b7 S SN (4
X

= W, Ty =W, 5 " -
*2) VI-{Ca, NI-§7
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UNIT: I ,,(iﬁ)RlMT

UNIVERSITY

Free Single DOF Vibration + Viscous Damping

Logarithmic decrement:

For low damping (£ << 1)

5=In( 1 \— g

2]

Valid for{ <.3

C
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UNIT: II EARIMT

UNIVERSITY

Free Single DOF Vibration + Viscous Damping

. Logarithmic decrement after n cycles:

l
. : . ; 1
. Since the period of oscillation is ]
constant: l
X _*1%2% ‘e 1 :
Tme) X2 X3 Xy Xm+1 "
X - '
o 0, T
Since L =" then J
A ]'* l “
W - ( ‘_..:wnrd l a = (,m';wntJ ]
X ' '
“m4l

Time ]

The log arithmic decrement can therefore
be obtained from a number m of
successive decaying oscillations

X
n| ! ‘
m b j
education for life www.rimt.ac.in Department of Mechanical Engineering




UNIT: I E4RIMT

- UNIVERSITY

Free Single DOF Vibration + Coulomb Dampmg

Coulomb or dry friction dampers are simple and convenient
. Occurs when components slide / rub

. Force proportional to normal force:

= uUN
F=umg for free—standing systems

where pt is the coefficient of friction.

. Force acts in opposite direction to velocity and is independent of displacement and velocity.
. Consider SDOF system with dry friction:

W W

— + I

k " k.\ G m — A { O m L)
\J
uN —— —— u N
“ I 77 77777777777, I I

N N

Case 1. Case 2.
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UNIT' " " . UNIVERSITY
Free Single DOF Vibration + Coulomb Damping

Case 1: Mass moves from left to right. x = posilive and x' is positive or x = negative and x’' is positive.

. The eqn. of motion is;
mi=~kx=uN or m¥+kc=-uN —~ 2™ order homogeneous DE

For which the general solution is :

uUN

X(t)= Ajcos( @yt )+ Ay sinf @t ) - p (1)
k s
where the fre quency of vibration @, \ and A; and A» are constants dependent on the initial
m

conditions of this portion of the cvcle.

Case 2: Mass moves from right to left. x = positive and x' is negative or x = negative and x’ is negative.

. The eqn. of motion is:
mx =—kx+uN or mi 4+ kx = uN
For which the general solution is :

: . uN
x(t)= Ajcos(@,t )+ Ay sin{ Wt )+ ! (2)

where the frequency of vibration @, is again and Ay and A, are constants dependent
m

on the initial conditions of this portion of the cycle.
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UNIT: I ZARIMT

UNIVERSITY
Free Single DOF Vibration + Coulomb Damping
. The term pN/k [m] is a constant representing the virtual displacement of the spring k under force uN. The
equilibrium position oscillates between +uN/k and -uN/k 1 for each harmonic half cycle of motion.
X(r)
Q
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UNIT: II o RIMT

UNIVERSITY

Free Single DOF Vibration + Coulomb Damping

. To find a more specific solution to the egn. of motion we apply the simple initial conditions:

X(1= () }= .\'" (”NI (= ’)) - .i'”
The motion starts from the extreme right ( ie. velocity is zero )

Substituting into

. uN
\(H-—v{;(m( )+ I.,sm({ l/+“ (2)
and
X(t)==A;@, sin{ @,t )+ Ay@, cos( @yt )+
gives
(N
A;=xy— ‘,‘ and Ay =0

Egn.| 2) becomes

lf\" = y
! (2a) valid forO0<i=srx/o

x(t)=|x _UN ) os( @, )+
0 l\‘ 7‘ n I\
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UNIT: ]I
Free Single DOF Vibration + Coulomb Damping

vir)

)

education for life www.rimt.ac.in

lp*

SRIMT

" ™. UNIVERSITY

valid for0<t=nm/ w,

N N
.\(u-(,\,, '“k ,}m.((q,l H#A-

AR =
___—"’ _(\7”—

;Z—\—) = Initial displacement for next half cycle

Department of Mechanical Engineering




UNIT: II ZARIMT

48 NIVERSITY

Free Single DOF Vibration + Coulomb Damping

- The displacement at n/m, becomes the initial displacement for the next half cycle, x,.

A A Y N
eyt 2 e Y Y- 20)

@, j T k 7
il RPETOMY PTIIE (W i) b7 5
and the initial velocity x(1=0)is=x|1= 7 inegn(2a)

Substituting these initial conditions int o egn.( 1)

: (N
x(1)=A;cos{ Wt )+ A sinf @t l—! (1)
and its derivative
X(1) ==, Ay sin{ w,t )+ @, A> cos({ @, )

gives

JUN
K and Ar=10

-

Ap=xp—

such that egn.( 1) becomes ;

JuN uN 2k ,
x(t)= (.\‘,, - ": .)’('().s‘( W, )= ¢ (la) valid form/w, <1<n2/ @,
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UNIT: Ii

Free Smgle DOF Vibration + Coulomb Dampm

x(1)=| xq —”'\' m((q,r)-i»‘u\(
‘(” k A
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“HN) = |nitial displacement for next half cycle

This method can be applied to successive half cycles until the motion stops.
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Free Single DOF Vibration + Coulomb Dampmg

Important features of Coulomb damping:
1.  The equation of motion is nonlinear (cf. linear for viscous damping)

2. Coulomb damping does not alter the system's natural frequency (cf. damped natural frequency for viscous
damping).

3. The motion is always periodic (cf. overdamped for viscous systems)
4. Amplitude reduces linearly (cf. exponential decay for viscous systems)

5. System eventually comes to rest — number of vibration cycles finite (cf. sustained vibration with viscous
damping)

6. The final position is the permanent displacement (not equilibrium) equivalent to the friction force (cf.
approaches zero for viscous systems)
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